We consider the threshold effect on the renormalization group (RG) evolution of the neutrino masses and mixing angles in TeV scale seesaw models. We obtain the analytic expressions using the factorization method in presence of threshold effects. We also perform numerical study of RG effects in two specific low scale seesaw models following the bottom-up approach and ascertain the role of seesaw thresholds in altering the values of masses and mixing angles during RG evolution.
I. INTRODUCTION
Neutrino oscillation experiments have established that this elusive particle has tiny but nonzero mass and different flavor states mix amongst each other. The oscillation experiments can only measure the mass squared differences. For three neutrino flavors these are measured as: ∆m The smallness of the neutrino mass can be explained by type-1 seesaw mechanism [2] [3] [4] [5] [6] in which one adds heavy right handed neutrinos to the Standard Model (SM) for its ultraviolet completion. In canonical type-I seesaw model, the heavy neutrino mass scale is at O (10 14 GeV) in order to generate the small masses of the light neutrinos. Since the Large Hadron Collider (LHC) has started running the subject of TeV scale seesaw which can produce observable signature at the LHC have invoked considerable interest. In the context of standard type-I seesaw, lowering the seesaw scale is only possible for certain specific textures [7] [8] [9] . A more natural way is provided by the mechanisms of inverse [10] or linear [11] [12] [13] seesaw in which one adds additional singlets to the theory. In these models small neutrino mass is generated by smallness of the lepton number violating coupling of the singlets and the seesaw scale can be at TeV in general.
Within the context of seesaw mechanism the neutrino masses and mixing angles arise from the dimension 5 effective operator term κllφφ, where l's are the lepton doublets, φ is the SM Higgs field, κ ∼ a/M. a being a dimensionless parameter and M is the mass scale where the additional fields are integrated out [14] . This generates a neutrino mass, m ν ∼ κv 2 once the Higgs field gets Vacuum Expectation Value (VEV), v. In general, κ is a matrix and upon diagonalization it gives the mass eigenvalues.
Note that the current neutrino oscillation parameters are measured at low energy but the dimension 5 operator emerges at the seesaw scale which is usually high. Thus this is governed by the effects of renormalization group (RG) evolution between the seesaw scale and the low energy scale [15, 16] . This induces radiative corrections to the the leptonic mixing angles, phases and masses. Below the seesaw scale the RG evolution of the neutrino mass operator is governed by the effective theory which is same for all seesaw models. But above the seesaw scale one has to consider the full theory. This region can be model dependent.
In this paper we have studied the dynamics of neutrino parameters in low scale seesaw models such that at least one of the heavy particles is present in the theory till the scale is about 1 TeV. This would then introduce threshold corrections to the RG evolution of the neutrino masses and mixing. We obtain analytic expressions for radiative corrections to neutrino masses and mixing angles in presence of seesaw threshold effects. Analytic expressions for modified neutrino masses and mixing angles induced by RG running have also been obtained in [17, 18] for single and multiple thresholds. We use the factorization method outlined in [19, 20] and applied in connection to neutrino masses and mixing angles to obtain the RG corrected expressions in [21] [22] [23] . This method allows one to relate the low and high scale parameters without actually solving the beta functions. To gauge the impact of the threshold effects we perform a numerical study incorporating these. Such a study requires the knowledge of the neutrino Yukawa matrix (Y ν ). We adopt bottom-up running approach and consider two models for which it is easy to reconstruct the neutrino Yukawa matrices from the low scale values of neutrino masses and mixing angles. The first case is the linear seesaw model studied in [24] . For this, the minimal model needs two right handed singlets which are pseudo-Dirac in nature. This results in a hierarchical spectrum of light neutrino masses with one of the mass eigenvalues as zero. It is well known that RG effects are small for hierarchical neutrinos. We aim to find out how much this conclusion is altered in a seesaw model where the heavy state is connected to the theory up to the TeV scale.
The second case that we consider, constitutes of a quasidegenerate mass spectrum of light neutrinos that can come from addition of three right handed heavy neutrinos degenerate in masses. Here we construct the Yukawa coupling using the Casas-Ibarra parameterization [25] .
The plan of the paper is as follows. In the next section we briefly outline the origin of neutrino masses in type-I seesaw mechanism and present the mixing matrix and the mass spectra. In section III, we discuss about the threshold effect in RG evolution of neutrino mass matrix and the matching condition used in the numerical work. In section IV, we perform the analytical study and calculate the order of magnitude of RG effect on various neutrino parameters. In section V, we report our results from the numerical study. Section VI summarizes our conclusions. 
II. NEUTRINO MASSES AND MIXING
The Lagrangian containing the Yukawa couplings of the leptonic fields, l L including the heavy right handed neutrino and Higgs field, φ is
whereφ = iσ 2 φ * , E R is the right handed charged lepton singlet and N R denotes the right handed singlet neutrino state. After integrating out the heavy fields, N R the above Lagrangian gives rise to an effective dimension 5 operator
where
The mass matrix, m ν is related to κ as m ν = (1/4)κ v 2 and can be diagonalized as
where U can be identified as U P M N S in the basis where charged lepton matrices are diagonal. 
Here c ij = cos θ ij , s ij = sin θ ij , δ is the Dirac-type CP-violating phase and the Majorana phases α 1 and α 2 are contained in the matrix, P = diag(e iα 1 , e iα 2 , 1). While all phases are currently unconstrained, the other mixing parameters are determined with increasing precision [27] . The current best-fit values and 3σ ranges of oscillation parameters are presented in Currently all three possibilities are allowed although the QD regions is being constrained from cosmological observations [1] . In the next section we discuss the beta functions in presence of heavy right-handed neutrinos coupled to the theory including the threshold effects.
III. RENORMALIZATION GROUP EQUATION INCLUDING THRESHOLD EF-

FECT
Consider adding q number of right handed heavy neutrinos of masses M 1 ...M q−1 , M q to the SM, where M q is mass of the heaviest neutrino. Above the scale M q the mass of the light neutrino is generated by Type-I seesaw mechanism and is given by [28] [29] [30] [31] [32] ,
The Majorana mass scale, M R is also governed by beta function,
Proceeding as above, integrating out the heavy Majorana neutrino fields sequentially while taking care of matching conditions at particular decoupling point one reaches the effective theory [17, 18, 34] .
IV. ANALYTICAL RESULTS
The running of neutrino mass matrix can be obtained using the prescription in [19, 20] ,
where M Λ ν and M λ ν are neutrino mass matrices at high and low scale respectively. I S is a factor that arises due to RG evolution of gauge coupling constants, Higgs self coupling and fermion Yukawa couplings and is given by
The matrix I appearing in Eq. (16) is given by
where for the present case
where where t = ln(Q/Q 0 ), Q being the running scale and Q 0 is the fixed scale. We can calculate the order of magnitude of ∆ j ; for example,
GeV and λ = 10 2 GeV, Λ (λ) being the high (low) scales respectively, we get
For the sake of comparison the value of ∆ τ can be calculated where threshold effect due to neutrinos are absent i.e. there are no Y ν terms in the beta functions. In this case
For this case the order of magnitude for ∆ e and ∆ µ can be calculated to be ∼ 10 −11 and ∼ 10 −7 respectively which are negligible in comparison to ∆ τ . But in the case where we include threshold effects ∆ e and ∆ µ can be comparable to ∆ τ . Thus including threshold corrections the running is expected to be more. However ∆ i is still small to allow for a linear approximation and the mass matrix at a lower scale λ can be written as,
Since the neutrino mass matrices at low scale as well as at high scale are complex symmetric, they can be diagonalized as
U Λ and U λ are diagonalizing matrices containing the unphysical leptonic phases, Φ i . The mixing angles and phases at low scale are related to that at high scale up to first order in ∆ e , ∆ µ and ∆ τ as
It is possible to obtain analytic expressions for the K ij 's, a i 's, d's and p i 's in the limit of small θ 13 keeping sin θ 13 up to second order. The expressions involved are quite long and are given in [18] for the masses, mixing angles and the Dirac CP phase. These match with what we obtain using the method outlined in this paper. Thus we do not give these expressions again in this paper. However in the appendix we give the coefficients involved in the running of the Majorana as well as the leptonic phases, which were not given in [18] . To gain some analytic understanding of the running, below we give the expressions for the coefficients in the limit θ 13 = 0 as,
In the limit θ Λ 13 = 0 the a i 's can be written as
The analytic expressions encoding the evolution of Dirac CP phase is given in Appendix(A) in terms of d e , d µ and d τ . We can write a generalize expression for the later as
where i = e, µ, τ . It is easy to see from the expressions given in the appendix that A e = 0 whereas A µ and A τ are exactly equal and opposite to each other. At the first place it appears that first term in Eq.(32) will diverge for vanishing θ Λ 13 resulting in the discontinuity in the running of Dirac CP phase δ. Such a behavior is anomalous since all the neutrino parameters evolve continuously with renormalization scale. In order to ensure the continuity of running of δ, one imposes the condition A µ = A τ = 0 which fixes the CP phase δ as
Note that even after including the threshold effects this condition remains same as in [33] since A µ = −A τ . A more general discussion can be found in [35] .
The masses at low scale to that at high scale are related as
For non zero value of θ 
Similarly the validity of a i 's and d's requires
From Eq. (24) it can be stated as
The expressions for the K ij 's given in Eqs. (29) can be further simplified depending on the mass spectrum. Below we give the expressions for NH, IH and QD cases. The dependence on the Majorana phases become apparent from these expressions.
• 
• Inverted hierarchy For IH one can make the simplification, r = ∆m
. Then one can write,
[cos α
• Quasidegenerate
In this case the expressions for the K ij 's simplifies to
sin 2θ
From the above expressions we see that in case of NH the running of the angle θ 12 does not depend on the Majorana phases. On the other hand the running of the mixing angle θ 13 and θ 23 is maximum when α 2 = 0. For the IH and QD case running of all the angles depend on the Majorana phases.
To get an order of magnitude estimate of running of angles consider the case of Tribimaximal (TBM) mixing at the high scale such that θ In that case from Eq.(37) one gets for NH,
The estimates are obtained choosing values of phases so as to obtain maximal running and using Eq. (20) for ∆ τ and setting ∆ e and ∆ µ to zero. The running is seen to be maximum for the mixing angle θ 12 . Also, for the same value of ∆ τ the running is maximum for the QD case. However the realistic running would require the knowledge of the matrix Y ν . In the next section we present the numerical analysis using two models for which Y ν can be easily reconstructed.
V. NUMERICAL ANALYSIS
In this section we present the results obtained by solving the set of beta functions numerically to study the evolution of neutrino mass parameters; the mass eigenvalues, mixing angles and the phases. We perform the running from low to high scale, thus making use of all the experimental results available at low energy. We vary the renormalization scale from M Z (mass of Z boson) scale to the high scale 10 12 GeV. We have taken the value of the Higgs mass m h = 126.6 GeV. The threshold correction for top quark mass contribution is taken care of. We consider the specific case of the Minimal Linear Seesaw Model (MLSM) for which the Yukawa coupling matrices are reconstructible from low energy oscillation parameters apart from an overall constant [24, 36] . In this model one of the mass eigenvalues is zero and thus this gives hierarchical neutrinos. We also consider the case of quasidegenerate neutrinos and use the Casas-Ibarra parametrization to determine the Yukawa texture. We have used the experimental values available for the mass eigenvalues and mixing angles, hence exploiting all the low energy data available so far. The phases have been varied randomly covering their full range.
To solve the beta functions we start with the effective theory, which is the SM in our case. For a specific value of the lowest mass ( m 1 for NH or m 3 for IH) the other two masses are fixed in terms of the mass squared differences measured in oscillation experiments. We first compute κ using the low scale masses and mixing angles and then run it up to the TeV scale. At TeV scale we impose the matching condition given in Eq. (8) and extract the Yukawa matrices Y ν . We adopt the procedure of running and diagonalizing at each step of the iteration. It should be kept in mind that while running the neutrino mass matrix elements they are liable to mix, hence it is required to diagonalize them at each step. The neutrino parameters are extracted by using the standard procedure given in in [33] . At the coupling/decoupling scale we use the matching condition given in Eq. (8). Then we consider the running of the parameters of the full theory.
A. Hierarchical Neutrinos
We have considered a specific model for Yukawa matrices that gives hierarchical neutrinos.
The unique feature of this model is that it is a minimal scheme which can give TeV scale seesaw naturally. In this model one adds two singlets to SM; one heavy right handed fermion, N R and one gauge singlet, S having opposite lepton numbers. The most general Lagrangian including leptons, Higgs and extra heavy fields can be written as
After electroweak symmetry breaking, the Higgs field φ develops a vacuum expectation value In light neutrino sector it can be shown that one of the states is massless whereas the other two remain massive. This gives us the advantage in specifying the massive states in terms of mass squared differences measured in oscillation experiments. The Yukawa couplings Y ν and Y S can be reconstructed from the oscillation parameters as [24] • Normal Hierarchy : (m 1 < m 2 < m 3 )
• Inverted Hierarchy : (m 3 < m 2 ∼ m 1 )
where y ν and y s are the norms of the Yukawa matrices Y ν and Y S respectively. Also
Figs (1) and (2) depict the running of the mixing angles for NH and IH respectively.
At low scale we start with best fit values for angles given in Fig.(1) and Fig.(2) . For θ 13 since the running is proportional to m 3 this angle is not not expected to run in this model since it has m 3 = 0. However the small amount running as seen in the figure can be interpreted from the O(sin θ Λ 13 ) terms in the analytical expression. In general it is seen that the running of angles due to RG evolution is unidirectional i.e. either they increase or decrease while going from low to high scale [33] . But as seen from our results the angles are running in both directions; for example in fig.(2) 
B. Quasidegenrate Neutrinos
In this section we consider adding three heavy right handed neutrinos, N R degenerate in mass to the SM. The Lagrangian is given in Eq. (1) .Here Y ν is a 3 × 3 matrix.Using the parametrization in [25] Y ν can be reconstructed from Eq. (3) as
where M 
with real a, b, c. In particular
where ω = √ a 2 + b 2 + c 2 . Using Eq.(58) and Eq.(59) in Eq.(56) we can get Y ν for our numerical work. It can be observed that the parameter ω plays an important role in determining the magnitude of Y ν . For our numerical work we have taken ω = 11.6 and a = b = c.
Similar kind of assumption can be found in [37, 38] . For this particular choice of ω and with Fig. (7) shows the running of the mixing angles for QD neutrinos. The angles seem to run considerably covering a wide range of values at high scale. In particular at high scale sin 2 θ 12 can accommodate the range from zero to ≃ 0.92. Both the angles; θ 12 and θ 13 exhibit bidirectional running whereas the running of θ 23 is unidirectional. This behavior of running of angles can be understood from the analytical expressions given in Eqs. (37) and (40) and with specific numerical values of ∆ e , ∆ µ and ∆ τ . For example we find for a particular choice of phase, the magnitude of ∆ e ≃ 3.08 × 10 −2 , ∆ µ ≃ 1.9 × 10 −2 and ∆ τ ≃ 6.13 × 10 −3 . For some other choice of phases, the magnitude of ∆ e ≃ 3.3 × 10 −3 , ∆ µ ≃ 5.5 × 10 −2 and ∆ τ ≃ 4.8 × 10 −3 . Also in our numerical study, ∆ µ is always greater than that of ∆ τ whereas the magnitude of ∆ e can be more or less than that of ∆ µ . For the case of angle θ 13 , though ∆ µ is always greater than ∆ τ the relative sign difference between cos α 1 and cos α 2 appearing in the expression of K µ13 results in bidirectional running of the same. So even if at high scale the angle θ 13 can be of zero value the threshold effect can result in nonzero value at low scale.
In general the running for the QD case is more than that of hierarchical case, in presence of threshold effects. This is highly dependent on the magnitude and form of Y ν . And using Casas-Ibarra parametrization the magnitude of Y ν can be magnified even for a low seesaw scale. 
VI. CONCLUSION
We consider the threshold effect in renormalization group (RG) evolution of the neutrino masses and mixing arising in TeV scale seesaw models. In such models the heavy states stay coupled to the theory once their mass threshold is crossed and can give rise to additional terms in the beta functions. We obtain the analytical expressions for the coefficients governing the running of masses, mixing angles and phases using the factorization technique including these additional terms. The threshold corrections can give rise to an enhanced running effect with the coefficient ∆ τ ≃ 10 this case for NH we do not obtain appreciable running for the mixing angles, masses and phases. For IH, the mixing angle θ 12 and the phases show considerable running effect. The unique feature of threshold effect is that the mixing angle θ 12 can increase or decrease from low to high scale depending on initial choice of phases i.e the running is not unidirectional.
The second example that we consider is a model with quasidegenerate light neutrinos. For this case we reconstruct the Yukawa matrix in terms of the low scale parameters using the Casas-Ibarra parametrization where the three heavy neutrinos are taken to be degenerate in mass. For this case we obtain considerable running effect for the mixing angle and the phases. In this case two out of the three mixing angles (θ 12 , θ 13 ) run in both directions.
Also the running effect is more than that of minimal linear seesaw model. To conclude, in presence of threshold effects the running of the neutrino parameters depend on the form of the Yukawa matrix apart from the mass spectrum and the phases.
The expressions are given by
cos 2θ (A4) 
